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Signatures of finite classical Lie algebra representations 

Alexander N Rudy 
Department of Mathematics, Belarussian State Polytechnical Academy, Scarina av. 65. 
Minsk, Republic of Belarus 

Received 13 October 1994 

Abstract The paper deals with the real classical Lie algebras of types E,, C, and their 
arbitrary irreducible representations. Hermitian forms invariant relative to these represen- 
tations are considered. Signature formulas for these forms are obtained. 

1. Introduction 

Let g be the simple complex classical Lie algebra and let g,, be any real form of inner 
type for g. Consider an irreducible representation q:g-'d(V). From [ I ]  it follows that 
q(g.)~su(p,q),wherep+q=dim V. Let 6 = p - q . S 0  6isasignature,i.e. thedifference 
between the number of positive and negative signs in the bilinear invariant in its diagonal 
form. Furthermorep=f(dim V + 6 )  and q=f(dim V - 6 ) .  Hence it is possible to find 
the number of linearly independent space-like or time-like vectors in the representation 
space. In [ 1-51 formulas for 6 were given in terms of the highest weight. If the rank of 
g is small, then the formulas are rather simple [3-51. As follows from this paper, it is 
possible to obtain simple 6 formulas for some real forms go of arbitrary rank. 

The finite-dimensional representations which are used in theoretical physics are 
mostly low-dimensional, nevertheless the interest to general methods is growing [ 5 ] .  

2. Definitions 

Definitions used in this paper coincide with those in [4]. Let g. be the fixed compact 
real form of the algebra g and let 7 be the conjugation of algebra g with respect to g r .  
Consider an involution 8 of algebra g such that 8(gr) = g z .  Let U = r 0 8 = 8 0 z. Denote 
by g,, the real form of the algebra g such that U is a conjugation of algebra g with 
respect to go. The real form gc is called the real form of inner type if &Int(g,). 
Suppose t is a Cartan subalgebra of g. such that B(t)=t, t, is a Cartan subalgebra of 
g such that t@=t,, R is a root system associated with the pair (9, b). Let E( , ) be a 
Killing form of g. and let ( , )=-&E( , ) be a positive definite scalar product on t. 
Let a ER,  by H ,  denote an element of h such that B(H,, H )  = a ( H )  for all Hct) .  Define 
the embedding y:R+t by y(a)=2z,/=iHe for all acR. Suppose i l = { a , , .  . .,a,} 
is a set of the simple roots of R, {Hi}f=~ is a basis o f t  such that (&, a j )=  a,, i, j =  
I , .  . . , Y. If OcInt(g,), then without loss of generality 8=exp(ad(Hb/2)) for some 
io, 1 <i&r [6]. Let K be the root system dual to R, that is, R" = {2u/(a,  a ) l a ~ R } .  

0305-4470/95/061641 t 13S19.50 0 1995 IOP Publishing Ltd 1641 
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Suppose W is a Weyl group of R and P(R") is a group of weights for R" [7], where 
P(R") is generated by the elements {H,}Ll  mentioned above. Let A be the highest 
weight of the representation q: g+sl(V) and let x A  be the character of the representation 
q. According to the Weyl character formula we have A , ( H ) x A ( H ) = A I , , ( H ) ,  where 
A I + , ( H ) = C E W d e t s e x p ( 2 n ~ ( s ( a + p ) , H ) )  and p = i Z p E ~ p > o p  is half the sumof 
the positive roots R. Then [6] 

where iis the number of positive roots. Denote by mi ,  i= 1 ,  . . . , rank(g) basis represen- 
tations of the algebra g, that is, Z(mi, ak):(ak, a*)=&, where akErI, i, k= 
1,. . . , rank(g). In accordance with [4 ]  we shall call elements H ,  and equivalent 
if there exists SE Wsuch that  HI) -Hz€P(R")  and we shall write H=H2(mod P(R")) 

Lemma I .  [4]. 
Let go be a real form of simple complex algebra g, 0 = (T 0 r = exp(ad(Hio/2)) and zA 
be a character of the irreducible representation 9:g+sl(l'). Then 

where H=Hbj2 (mod P(R")) 

3. The case g = eo(2v + 1, C) 

The Dynkin diagram for so(2r+ 1, C) is 

a1 a2 a,-I a, 
0-0- . . . -0-0 

We shall take the roots realization from 171, that is, 

(3) 
_ _ _  a.= I E . -  I &. , + I  i = l , .  . . , r -  1 a,=&,. 

Denote by R+ the set of all positive roots relative to , d,. Everywhere below in 
this paper sign '. . . 5 .  . . t-1' means that we keep only the lowest-degree term when 
1-1 for a function considered. 

Lemma 2. 
Let A=X;;,, A,mj bea highest weight oftherepresentation q:so(2r+ 1 ,  C)+s l (V) .  Then 

IA,(tP)l = ( x ( t -  1)) '( '- ')2"2!4!.  . . ( 2 r - 4 ) ! ( 2 r - 2 ) !  when t - I .  

Let A, be even. Then 

I A,(@ + p))l =(a ( I  - 1 ) p -  1)2,a n ( P , A + p )  when I- 1. 
peR+,p= p 

Let Ar be odd. Then 

iA,(t(a+p))i =w- 1 ) W  Il+ ( P .  A+P)  when I-, 1 
PeR 
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Proof. 
From (3) it follows that positive roots for B, are Zfl&Zq. wherep<q,p= 1, .  ... r -  1, 
and Z p ,  p = 1 ,  . . . , r. Furthermore, 

1-1 1 1 I where p < q , p = l ,  . . . ,  r -1  and E p = Z m m = p a m + ~ a , , p = l  ,..., r. Since p =  
/3=Zj:,!=I w j ,  we have 

~i(n( t -1) )" ' -~'2 '2!4! .  . . (2r -4 ) ! (2r -2 ) !  when #+l .  

Suppose d, is even. Then from (1) and (4)  it follows that 

I AP( t (d  + p))l .% (a( t - l))rf'-IY D- . ( P , d + P )  when t - 1 .  
P E R  .P -P  

Suppose 2, is odd. Similarly, from (1) and (4)  we derive 

iA,(t(d+p))i =(+(t-1))'2" n ( P ,  a+p) whent-tl. 
B E d  

Theorem 1. 
Suppose g = s o ( 2 r + l , C ) ,  where r22 ,g . ,=s0 , ,~ ,  and d=Z;=, Ajwj is a highest weight 
of the representation 9. If d, is odd, then 6=0 .  If d, is even, then 

where the product embraces all positive P E R ,  such that p=p '  = 2 p / ( p ,  p). That is, 
table 1 is derived from equation (5) for the calculation of 161. 

Proof. 
The element H=$H, defines automorphism B=exp(ad H). Then 

Furthermore, ~Hr=w,=w,+Hl+. .  .+H,-I=p(modP(R")). 

of 50, .* .  
a, a, a,.., a, Table 1. Signature 161 of the representation 
0-0- . . . - 0 t O  

a a  a o  
0-0- . . . - 0 t O  0 

a a  a e % . ~ + . ~ . p . ( P , ~ + d  
0-0- . . . -0-0 
Symbol 'e'(:o') in the column A, denotes an even (odd) 
A,. Symbol 'a' denotes any A, independent of whether it 
is even or odd. 

2!4! ,  , . ( 2 r - 2 ) !  
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Suppose 1, is even, then from (2) it foIIows that 

Also, formula ( 5 )  is derived from lemma 2. 

8=0. 

Lemma 3, [8]. 
Let .X=Z;=, Ajwj be a highest weight of the representation q:s0 (2r+  I ,  C)-tsl(V). 
Consider a vector 

Suppose 1, is odd, then from lemma 2 and formula (6) it foIIows immediately that 

J- I '7= I 

where h , = ~ ( 2 A q + 2 A q + l +  . . .+  2 & - , + & + 2 ( r - q ) + l ) ,  g = l ,  ..., r - l  and h,= 
$(A,+ 1). For all H c t  such that H=Z&I  a,$ we have 

where det[sin(2nhqa,)] denotes the r x r determinant whose 4p element is sin(2nhq U,,). 

Leinnza 4. 
Suppose g=so(2r+ 1, C), where r>2 ,g ,=~o , - r - ,+ .k+~ ,  where k=O, 1 , .  . . , r - 2 .  Let 
H e t  define automorphism 0=exp(ad H )  in the case of algebra go. If r - k  is even, then 
H = $ H , ,  where i = $ ( r - k ) .  I f  r + k +  1 is even. then H = $ H , ,  where i = i ( r + k + l ) .  

(i) Let m(k) be the number of positive roots PER such that (p, ~ H , ) E E .  In other 
words m(k) =card{pjpcR', (p, 4 H j ) c Z } .  Then m(k)  = ;(? - r +  k2 + k). The point k = 
0 is the point of minimum value for the function m:Z- tH .  If k >  0, then the function 
m =m(k)  increases. 

(ii) Consider a vector 1(1,3, . . . , 2 i -  1,2,4, . . . , 2 ( r -  i)) defined by its compo- 
nents in the basis Z 1 , .  . . , E,. Then 

A n + J H )  = 2' det[sin(2shq U,)] (7) 

f H - '  j = i ( l , 3  ,..., 2i-1,2,4 ,..., 2 ( r - i ) )  (modP(Rv)). 
Furthermore 
A,(ft(l,3 ,..., 2 i - l , 2 , 4 , . .  . , 2 ( r - i ) ) )  

~ ( n " - 1 ) ~ ' ~ ) 2 ' ' ( 0 ! 2 !  ...( 2 ~ - 2 ) ! ) ( 1 ! 3 !  ... ( > - 2 i - 1 ) ! ) .  

Proox 
(i) N o t e t h a t 1 H i = l w i = I ~ ~ = ,  Ej , i=1 ,2 ,  .... r-l.Thatiswhy(P,fHi)~Zifand 

o n l y i f P = E j , j = i + l ,  ..., r,or B = E ~ + E ~ , w h e r e p < q , p = i + l , . . . ,  r - I ,  o r p =  
E p f 2 , ,  wherep<q,q=2, . . . ,  i .  Hence m ( k ) = i ' - i + ( r - i ) * .  But i= f ( r -k )  or i =  
f ( r + k +  1). Therefore inserting iinto m ( k )  we have n z ( k ) = 4 ( ? - r + k 2 + k ) .  

(ii) Let r be odd. Then 

=4(2r-  1 , 2 r - 3 , .  . . , 2 r - ( 2 i -  l ) , 2 r - 2 i , .  . . , 4 , 2 )  

=$(I,  3 , .  . . , 2 i - I , 2 ,  4,. . . , 2 r - 2 i )  (moi>(Ru )). 
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Let r be even. Then 

IH.,LH + H j- -1 2 (2p  + 2o,+ 0,)  Z l 2 r  
J =  1 

=$(2r+ 1,2r- 1 ,  , , . ,2r-  (2i- 3 ) ,  2r-2i, . . . , 4 , 2 )  

= $ ( I ,  3 , .  . . ,2 i -  1 ,2 ,4 , .  . . ,2r-2i)  (mod P(R")) 
So the lemma is proved. 

Theorem 2. 
Suppose g=so(2r+ 1 ,  C), where r>2, g,,=so,-k,,+k+l, where k=O, 1 , .  . . , r-2,  
d=X&, A,@, is a highest weight of the representation cp, A+p=Z&, (A,+ l )wJ= 

h,E. Let i = i ( r - k )  in the case where r - k  is even and let i = i ( r + k + l )  in the 
case where r + k + 1 is even. 

If A, is odd, then 6 = 0. 
If A, is even, then 

2"'k'l det(i,,) I 
," '=2r(r-1)(O!2!.  . , ( 2 i - 2 ) ! ) ( 1 ! 3 ! .  . . (2r-2i-  l)!) 

where det([,,) denotes an r x r determinant whose pq element is i,, and 

i,,=sin(.hq)(h,)2'"-1' 
CPU= ( h q ) z ( P - k l  

h,=i(2Aq+2dq+,+. . .+2h- ,+Ar+2(r-q)+ 1 )  

p =  1 , .  . . , i,q=1,. . . , I  

p = i + l ,  ..., r , q = l  . . . . ,  r 

q=l , .  . . , r-1 

h,=;(a,+ 1 ) .  

Proof. 
From lemmas 3 and 4 we derive 

~ S l = I x i ( ; ( l ,  3 , .  . . ,2 i -1 ,2 ,4 , .  . . ,2r-2i))l 

2' det[sin(tn(h,a,)] 
= lim 

1 - 1  2"(n(f-1))"'"'(0!2!. . . ( 2 i - 2 ) ! ) ( 1 ! 3 ! .  . . ( 2 r - 2 i - l ) ! )  

where ap=2p- l , p =  1 ,  , , . , i, uP=2p-2i,p= i+ 1 ,  . . . , I. Furthermore 

Let A, be odd. Making a Laplace expansion of the determinant in (9) by its first i 
columns we find that the lowest degree of ( t -  1 )  in the numerator is m(k)+i .  Hence 
6=0. 

Let A, be even. Discussing this in the same way and keeping only the lowest-degree 
terms when 1-1 we derive formula (8) for the calculation of 161. So ends the proof of 
the theorem. 

A similar formula was found in [ l ] .  
Now we shall give the following definitions. Let A = X J = ,  Ajwj he a highest weight 

of the representation cp, A+p=Z&l (Aj+ l )wj=Z&,  h$,. A polynomial expression 
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m z  

f(z)= fl (z-hjsin(rrhj))= bj(h)z’-j (10) 
1- I j - 0  

is associated with the representation 9. Consider a (r-2) x (r-2) matrix 

b A - ,  b6-, .. . b,-? 
bs-, b-, . .. b,-l F(I)  = 
, .  ... ... 

bl 63 ... b2r-5 

wherebj,j=O, ..., rare thecoefficientsin(10)andbj=Oforj<0andj>r.Thematrix 
F(1) is associated with the representation 9. Consider the lower left-hand corner minors 
of the matrix F(I). Namely Go=l,G,=b,=XJ,,hjsin(nhj), G2=bob3-bib2= 
f ( (  X&I hj sinfnhj))’-X;-~ hj sin (nhj)), . . . , G,-?=det(F(I)).The minor Gk is associ- 
ated with the algebra S D , - ~ , ~ + ~ + , ,  k=O,. . , , r-2. 

Theorem 3. 
Suppose g=so(2r+ 1, e),  where r>2, ~ . , = s D , - ~ , , + ~ + ~ ,  where k=O, 1, .  . . , r-2, 
k=Z;-l kjwj is a highest weight of the representation 9. Let i = i ( r - k )  in the case 
where r-k IS even and let i = q ( r + k t  1) in the case where r t k +  1 is even. Suppose 

3 . 3  

x ’ ( n ) = { p ’ i p ’ E r ,  p’ >o, (p ’ , f (n+p))E.q C L =  (P ’ , ; (n+p) ) .  
p EX.( i )  

Let A, be even. Then card(X’(l))=$r(r- 1) and 

I Gkl $ k ( k + i )  

I6l=(0!2! ...( 2i-2)!)(1!3! . . . (2 r -  2i-I)!) 

where the minor G k  is associated with SD,+.,+~+ I .  

Proof. 
If I ,  is even, then (6,  $(A+ p))$Z, p =  I,  . . . , r. If ( Zp+ Z,, $(A+ p ) ) ~  E ,  then ($- g,, 
i ( I + p ) ) + H  and uice versa. Hence card(X”(I))=$r(r- 1). Formula (11) follows 
straightforwardly from formula (9). 

Corollary 1. 
If 9. =SO,,,+ then 

If g, ,=s~,-~, ,+~,  then 

If go=so,-2,r+l, then 
8 T(( hjsin(zhj))3-X$.I hjsin3(rchj))C; 

(14) (O! 1 ! . . . ( r -  3)!)(r - l)!(r+ I) !  161 = 

where h, =;(U,+ 24, I t . . . + 2I,- 1 + A,+ 2(r - q) + l),  q = 1, . . . , r - 1, h,= f ( I ,+  1). 
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a, a2 A, n, Table 2. Signature 6 of the representation of SDn5.5vr.6. 
0-0-0-0 

- a a a  o 
0-0-0-0 
e e e  e 
0-0-0-0 
o e e  e 
0-0-0-0 
e o e  e 

e e o  e 
0-0-o=o 
o o e  e 
0-0-0-0 
o e o  e 
0-0-0-0 
e o o  e 

Q O O  e 

& A ~ A ~ A ~ A P A ~ ~ A , ~  

B A ~ A ~ A & A  I , A  If 

L A  A A A P A I ~ A I I  0-4-0-0 ’ 
& A ~ A , A , A ~ A , J , ,  

& A ~ A ~ A ~ A Y ~ , A ~  

& A , A & A d  I A I Z  

L A  A .4bAsAjoAIL 
O - - O - - O t O  64 

O - - O - O t O  O1 ’ ’ AA A A A A& 

Tables 2 and 3 are derived from (11)-(14) for the calculation of 161 in the case 
g=so(9, C). If g=so(5, C) and g=50(7, C), then the results are similar to that found 
in [4]. 

4. The case g = sp(2r, C) 

The Dynkin diagram for sp(2r, C) is 

a1 a1 ar-L a, 
0-0- . . . -0-0 

We shall take the roots realization from 171, that is, 

6:= 6, - &+ 1 i = l ,  . . . , r - 1  d,=2Z,. (15) 

Lemma 5. 
Suppose g = sp(2r, C), where r 3 ,  I = X;= I A, PJ, is a highest weight of the representation 
q:sp(2r, C)+sI(V) .  Let I + p = X , L l  (L,+l)w,=Z;.=, h&, where h,=&+A,+,+ 
. . . + I , + r - q + l , q = l , . .  . , r a n d  le tx”(A)=~P’ iP’ER1.p l>O,(P’ , f (A+p))EZ}.  
Then 

where the function m=m(k) is defined in lemma 4. 
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Table 3. Signature 6 of the representation A2 Of4L)?., o--o---o=.==o 

a1 .L 16) for 5D&, o--o-o===o 

0 
a a a  o 
o--o-o=a=o 
e e e  e , 

(-1st + hr - hr+ ha)’- (-h? + hi - h:+ h:)lCA 
0-04=-=0 
o e e  e + hz- hx + h)’- (h: t h: - h: t h:)l C“n 
0 - 0 - O t O  
e o e  e 

ikjI(h8 - b - h s +  h d 3 - ( h ? -  h:- h:+ h:)IG 
0-0-0t0 
e e o  e 

&l(h, - hl+ h, + h*)’- (h: - h:+ h: + h:)I CA 
0-4-03=0 
o o e  e 

$l(-hj -hz - h, +W’- (4; - h: - k: +&IG o-o--os=o 
o e o  e ikjl(-ht - hr + hs+h)’- (-h? - h:+ h: + hi)l C; 
0-o-o=.=o 
e o 0  e 

ikjl(-hl +h,+h,t h 4 -  (-h:+h: + h:+h:)/C, 
0-0-0-0 
o o o  e 

&(ht + hi+h,+ hd- (h :+  k:t h:+h:)IG 
0-o-o=o 

The elements A , , i =  I , ,  , . , I 2  and the elements h,, i= 1. .  . . , 4  must be taken from 
table 4. 

Proof. 
The value of card(,%‘“ (A)) depends on whether hl, . . . , h, are even or odd. Let p be the 
number of odd integers among h l , .  . . , h,. Then 

card(X’(A))=p2-p+ (r-p)*. (17) 
On the other hand Zi-1 cos(nh,)=Z&~ ( - l ) h q = r -  2p. That is, p =  
5 ( r - Z : . = ~  cos(nh,)). Therefore insertingp into (17) we derive the desired result. 

Theorem 4. 
Suppose g=sp(2r, C),  where r 3 3 ,  g,=sp,(R), d=Z&, &U, is a highest weight of the 
representation fp:sp(2r, C)-sl(V). Let A+p=Zi=l h,E,, where h,=d,+&+,+. . .+ 
A,+ r - q +  1, q =  1. . . . , r. If m( Zi-1 cos(nh,)) = f ( r ( r -  I ) ) ,  then 

1 

If mi( Z;=I cos(nh,))>i(r(r- l)), then 6=0, where n z ( k ) = f ( ? - r + p + k )  and X’(1) 
is defined in lemma 5. 

Proof. 
The element H=$H, de6nes automorphism 8=exp(ad H). Then 
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Table 4. The elements A,. i= 1.. . . , 12 and the elements h,, i =  I . .  , . ,4 .  

A,=A,+l  A r = b + l  A9 = .2, + .2q+ 2 

At =A, + & + 2 Aa = Ar+ &+2 ~ , ~ = a , + 2 ~ ~ + 2 ~ ~ + h + 6  

R p  -x, + A*+ & + 3  

Ad= A, + &+ + & + 4  & = & + I  A N I  = + U, + .2q + 4  

h,=i(2A,+2X2+U3+h+7) h2=i(2&+2i.,+h+5) 

h I -i -&A, + h + 3) h l = f ( h +  I )  

Theelements A ,  arethescalar products ( T . ) , + p ) ,  w h e r e F E R y , T > O . p = p l .  

A,= h+ A,+ h+ 3 A , ,  =AI + A> +Z& + L i. 5 

Note that 

p t o , +  . . .+  0,-1=2p"= p' 
p' E K ,T )Q 

Hence from (3) it follows that 

Discussing this as in lemma 4, we find 

~ ~ . ( f t p ) ~ 2 ? ( ~ ( t -  1));6,-')(1 !z!. . . (r- I)!) when I-+ 1 

The necessary results follow immediately from lemma 5 and formulas (1) and (19). 

Lemma 6. 
Supposeg=sp(2r, C), wherer>3, go=sp ,,,- ;. wherei= 1,2, .  . . , [r/2]. Let Het define 
automorphism 0=exp(ad H) in the case of algebra g.,. Then H=fH;. Let 
c(i) be the number of positive roots P E R  such that ( P . ; H , ) e E .  In other words 
c(i)=card(flIflER*, ( P , ~ H , ) E H ) .  Then c(i)=iz+(r-i)2. Consider a vector 
4(1,3,. . . ,2r-2i- 1,2,4,. . . ,2i) defined by its components in the basis ZI, . . . ,a. 
Then 

(mod P(R')). I iH ,=f ( l , 3  ,..., 2r-2i-I,2,4 ,..., 2i) 

Furthermore 

~ , ( ; t ( l ,  3, . . . ,2r-2i- 1,2,4,. . . ,2i)) 

-(~(t-l))e'~)2"+~(0!2!. , . (2r-2i-2)~) 

x(1!3!. . .(2[-1)!)(1 3 . .  . (2r-2i-1)) whent-t l .  
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Proof: 

f Hi = 1 H; + HI = f ( 2 p  - mi- 0,) 
j - 1  
/ + I  

= $ ( 2 r - 2 , 2 r - 4 , ,  . . ,Zr -Z i ,2 r -2 i ,Zr -2 i -3 , ,  . , , 3 ,  1) 

=;(I, 3 , .  . . , 2r-2i-J,  2 , 4 , .  . . , 2 i )  (mod P(R")).  

Discussing this as in lemma 4, we derive all necessary results. 

Theorem 5. 
Suppose g = s p ( 2 r , @ ) ,  where r 2 3 ,  g..=sp ,.,_ i, where i = l , 2 , .  . . , [ r /2 ] ,A=X; - l  A,mj 
is a highest weight of the representation cp, h t p = Z J j - l  (Aj+ l)m,=Z;-l hqE4. Then 

I det(C,)l 
'61"2"'-''0!2! ...( 2 r - 2 i - 2 ) ! 1 ! 3 ! .  ..(2i-l)!l~3,..(2r-2i-l)' 

where det(cpq) denotes an r x r determinant whose p q  element is cp4 and 

Cpq = cos(nh,)(hq)2p- I 

CPq = (4- 
h , = A . , + & + l + . . . t A , + r - q + l  q = l ,  ..., r. 

p = l , .  . . , i, q= 1,. . . , r 
Y p - l ) - I  p = i + l , . .  . . r , q = l , .  . . , r  

ProoJ 
From root realizations for the algebras g=eo(2r+ 1, C )  and g=sp(2r,  C) it follows 
that their Weyl groups coincide. Hence it is possible to use formula (7) for the calcula- 
tion A h + , ( H )  in the case of g=sp(2r,  C). Furthermore, from lemma 6 we derive 

161=I,yn(t(1,3 ,..., 2 r - 2 i - 1 , 2 , 4  ,.,., 2i))l 

= lim 
22lu-r) n! S. 1 (21) 

,=, m(lrrhj) det[cos"fl-'(nth,)] 
,+I  n(r- 1)""0!2!, . . ( 2 r - 2 f - 2 ) ! 1 ! 3 ! .  . . ( Z i - I ) ! I .  3 . .  . (2-2- I )  

where ap=2p,p=l,  . . . ,  i, and a p = 2 p - 2 i - 1 , p = i + l  ,..., r .  Discussing this as in 
theorem 2, we derive formula (20) for the calculation of 6. A similar formula was found 
in 111. 

Lemma 7. 
Let A=Z;,, Ajmj be a highest weight of the representation cp:sp(2r,C)+sI(V) and 
let A+p=ZjmI (A,+l)mj=Z;-lhq2P, where h,=A,+&+,+. . . + A , + r - q t l , q =  
I , .  . . , r .  SupposeX(d)={PlaER+,(P,f(~+p))EZ). Then 

Proof: 
The proof is similar to that of lemma 5. Now we shall give the following definitions. 
Let h=Z;jl,, Ajmj be a highest weight of the representation cp, I + p =  
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ZJ=i (A,+ ~ ) u ~ = X & ~  h4.Eq9. A polynomial expression in z 

f ( z ) = n  (z--ms(rthj))= b,(h,t)z'-' (22) 
j =  I j = O  

is associated n<th the representation 8. Consider the ( r -  3) x (r-3) matrix 

bs-r b7-, ... br-3 
. . .  . . .  . . .  F(A)= 
bo b2 . . .  b2r-8 

bi b, .. . b2,-7 

where b,, j=O,  . . . , r are the coefficients in (U) and bj=O for j<O and j > r .  The matrix 
F(A) is associated with the representation 8. Consider the lower left-hand corner minors 
of the matrix F(A). Namely G-,=Go= l,G1=bl=C~=,cos(nthj), C~=b~b~-b ,b .=  
f ( (  ZJ=I c~s(nth~))'-Z;=~ cos3(xfhj)), . . , , G,-1=det(F(A)). The minor is 
called associated with the algebra 5p ,.,- i ,  i=  1,2,  . . . , [ r / 2 ] .  

Theorem 6. 
Suppose g=sp(2r,@), where r23,g,=spj,,-i, i = l , 2 , .  . . , [r/2],A=ZJ,!=1 Ajw, is a 
highest weight of the representation 9, A+p=%=, hqEq. Suppose X(A)= (PIPER', 
(P,&+p))eH},  CA=~,,X(A) (P ,$ (A+p) ) .  If I Z&i cos(nhj)l >r-Zi ,  then 6=0. 

Proof. 
Using formula (21) we find 

If card X(A)>c( i ) ,  then 6=0. Hence the necessary result follows immediately from 
inequality 

Corollary. 
(i) Let r be odd, g O = s p ; ~ r - l l . ; ~ , + ~ , .  If IZLI cos(xhj)l = 1, then 

If ]X;=i cos(nhj)l > 1, then 6=0. 
(ii) Let r be odd, gc=sp:(,.-s,.i~,+3,. 

If I cos(nhj)\ = 3, then 
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If pj=i cos(xhj)l = 1, then 

If IC;= I cos( xhj)l > 3 then 161 = 0. 
(Vi) Let r be even, go=spi,.;,. 

1 If pjmi cos(i~h,)l=O, then 

If p,Ll cos(rhj)l >O, then 6=0. 
(iv) Let r be even, go=spi(,-z).i(,+z). 
If IC;-, cos(nhj)l =2, then 

If cos(nh,)l= 0, then 

If IZ,LIcos(nhj)l>2, then 161=0. 
Formulas (24)-(29) follow straightforwardly from formula (23). Tables 5 and 6 are 

derived from theorems 4 and 6 for the calculation of 161 in the case g=sp(S, C). If g= 

ofsk,:, 4PI.1 
A, 1, 1, n, 
0-0-o*o 

Table 5. Signature 6 of the representation 

Elements X,. IS1 for SP:t 161 for 5Pl.l 
1, a4 1, 
04-0===0 

- o o o  a 
0-0-0-0 
e e e  a 
o-o-o=I=o 
o e e  a 
0-0-0t0 
e o e  a 
0-0-0=1=0 
e e o  a 
0 4 - o t o  
o o e  a 
04-0====0 
o e o  a 
0-0-0-0 
e o o  a 
0 - o a t 0  

& R ~ R S R , R , ,  

& R ~ R , % R ~ ~ , R ~ ~  

& R & R ~ R , ~  

& R,R&R&R,, 

& R , R & R , ~ R , ~ R ~ ~  

+ R , R ~ R ~ R , ~  

t~&~,ff i~& 

0 

0 

0 

0 

0 

Symbols e(o, a) have the same meaning in tables 1-6. The elements R., i= I , .  . . ,I2 and h,, l =  I , ,  . , , 4  must 
be taken irom table I. 
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Table 6. Signature 6 of the representation ~ o f s p , ( W ,  0-O-O$O 

e e e  e 
0-0-0*0 

0 - 0 - o s 0  
e o e  e 
o - o 4 t o  
e o e  o 
0-0-0-0 
o e o  e 
0 - 0 - o s 0  
o e o  o 
0 - 0 - o s 0  
in other cases 0 

$ ( A ,  +&+ 2)(& + A, + La + h+ 4)XA 

$(&+ 1 )(A, +A, + h + 3)X2 
e e e  0 

&a3 + h+z)(&+ ,I> + &+3)xA 

$(h+ l)(d, + L + A ,  +h+4)XA 

$(&+A, +&+ 3)(& +A>+ A,+ &+4)X1 

$(L+ l)(A,+h+2)X> 

Table 7 .  The elements R, ,  i = l , ,  . . , I2 and the elements h,, i = l , .  . . ,4. 

R ,  =A2, + 1 Rr=.l:+l &= A, +2& + 3 

R 2 = &  + & + 2  Re= A2+ A,+ 2 

Rp =At + ,L + ,I3 + 3 R7 =A2 + A,+ 2 L  f 4 

R = A, + A 2  + A3 + &+ 5 &=A, + I 
=Aj +&+A, +h + 4 h, = ,12 + ,Z3 + h+ 3 

R I O =  A, + 2A2+ 2A, + 2 R +  7 

R , ,  =& + & +  22,+2&+ 6 

R I >  = A, + 2?., +2&+ 5 
h,=&+&+2 h , = h + I  

The elements R, are the scalar products ( p ,  A+p),  where P E R + ,  p=p"  

sp(6,  e), then the results are similar to that found in [4]. It is possible to calculate the 
signatures 6 in the case of algebras so=(@), SI,+,(@) by using the methods of this paper. 
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